The definition of classical holomorphic function spaces such as the Hardy space or the Dirichlet space on the Hartogs triangle H is not canonical. In this paper we introduce a natural family of holomorphic function spaces on the Hartogs triangle which includes some weighted Bergman spaces, a candidate Hardy space and a candidate Dirichlet space. For the weighted Bergman spaces and the Hardy space we study the L p mapping properties of Bergman and Szegő projection respectively, whereas for the Dirichlet space we prove it is isometric to the Dirichlet space on the bidisc.
The Hartogs triangle
H " pz 1 , z 2 q P C 2 : |z 1 | ă |z 2 | ă 1 ( is a peculiar domain which is a source of many pathological facts in complex analysis ( [Sha15] ). For instance, it is not hard to prove that H is a domain of holomorphy which does not admit a Stein neighborhood basis, that is, it is not true that H " X k Ω k , where each Ω k is a pseudoconvex domain. A well-known and important example of a smooth pseudoconvex domain with no Stein neighborhood is the worm domain introduced in [DF77] . The domain H is biholomorphically equivalent to the product domain DˆD˚, where D denotes the unit disc in the complex plane and D˚denotes the punctured disc, by means of the map Φ : DˆD˚Ñ H, pw 1 , w 2 q Þ Ñ pw 1 w 2 , w 2 q.
Recently, several mathematicians careful studied the mapping properties of the Bergman projection and related problems both for the Hartogs triangle and for certain its generalizations. In [CZ16a] the L p mapping properties for the classical Hartogs triangle are completely characterized; in [HW19a, HW19b] the authors exploit techniques of dyadic harmonic analysis to investigate the mapping properties of the Bergman projection on weighted L p spaces and they also prove some endpoint estimates; in [EM16, Edh16a, Edh16b, EM17, CEM19, EM19] the authors introduce some generalizations of the Hartogs triangle, called thin or fat Hartogs triangles, and they study several problems such as the L p and Sobolev mapping properties of the Bergman projection and the zeros of the Bergman kernel; in [KLT19] Bergman-Toeplitz operators on the fat Hartogs triangle are studied. In [Che17a, Che17b, Che17c, CKY19, CZ16b] some other generalizations of the Hartogs triangle and associated weighted Bergman projections are investigated.
In most of the cited papers the peculiar geometry of the Hartogs triangle, or of its generalizations, forces the Bergman projection to be unbounded on some L p spaces. However, the exact relationship between the geometry of the domain and the regularity of the Bergman projection is not fully understood in generality. A similar phenomenon, where the geometry of the domain forces an irregular behavior of the Bergman projection, were already observed in the setting of the worm It would be interesting to study on H and its generalizations other classical function spaces besides the Bergman and weighted Bergman spaces. Unfortunately, because of the peculiar geometry, the definition of classical spaces such the Hardy space or the Dirichlet space is not canonical on H. The main novelty in this paper is the introduction of a family of holomorphic function spaces tX ν u ν on H which includes a candidate Hardy space and a candidate Dirichlet space. Here ν is a real parameter in r´2,`8q. All the spaces X ν 's are reproducing kernel Hilbert spaces and, denoting by K ν the reproducing kernel of the space X ν , the estimate |K ν ppz 1 , z 2 q, pw 1 , w 2 qq| ď c ν |z 2 w 2 | αν |1´pz 1 w 1 q{pz 2 w 2 q|´p ν`2q |1´z 2 w 2 |´p ν`2q
(1) holds for any ν ą´2 and ppz 1 , z 2 q, pw 1 , w 2P HˆH and for some positive constant c ν . The exponent α ν depends on ν and
ν{2s if ν ą 0, ν ‰ 2n, n P Ń 1´n
if ν " 2n, n P N 0 1 if´2 ă ν ă 0.
Notice that if ν P p2n´2, 2nq, n P N, then α ν "´2´rν{2s "´n´1 " α 2n . Because of the estimate (1), we say that our family of spaces can be considered an analogue of a classical family of function spaces on the unit disc (or the unit ball). If we consider the case of the unit disc, a well-known family of function spaces tY ν u ν is the family of reproducing kernel Hilbert spaces associated to the family of kernels
where ν ą´2. The family of spaces tY ν u ν is known in the literature with several names, such as Besov-Sobolev spaces or Dirichlet type spaces. We point out that for ν ą´1, the kernels k ν 's identify some weighted Bergman spaces, the case ν "´1 is the case of the classical Hardy space, the case´2 ă ν ă´1 identifies some spaces which are also known with the name of weighted Dirichlet spaces, whereas the case ν Ñ´2 identifies the classical Dirichlet space and a logarithmic singularity arises in (2). For more about these spaces we refer the reader to [Wu99, Zhu05, ARSW11] . Similarly, for ν ą´1 our spaces X ν 's are some weighted Bergman spaces A 2 ν pHq, the case ν "´1 identifies our candidate Hardy space H 2 pHq, we have some weighted Dirichlet spaces D ν for´2 ă ν ă´1 and we have our candidate Dirichlet space DpHq for ν "´2.
Briefly, for ν ą´1, the weighted Bergman spaces A 2 ν pHq are defined as A 2 ν pHq :" L 2 ν pHq X HolpHq, where, for 1 ă p ă 8, the space L p ν pHq denotes the weighted L p spaces endowed with the norm
where dz is the Lebesgue measure in C 2 and C ν is a normalization constant. We refer the reader to Section 1 for more comments and motivations about the definition of the spaces A 2 ν pHq. The weighted Bergman projection P ν is the orthogonal projection from L 2 ν pHq onto A 2 ν pHq. We prove the following result.
Theorem 1. Let ν ą´1 and let P ν be the weighted Bergman projection densely defined on L 2 ν pHqX L p ν pHq for p P p1,`8q. Then, we have the following: (i) if ν ą 0 and ν ‰ 2n, n P N, the weighted Bergman projection P ν extends to a bounded operator P ν : L p ν pHq Ñ L p ν pHq if and only if p P`2´ν´2 rν{2s 2`ν´rν{2s , 2`ν´2 rν{2s 2`rν{2s˘;
(ii) if ν " 2n, n P N 0 , the weighted Bergman projection P ν extends to a bounded operator P ν :
L p ν pHq Ñ L p ν pHq if and only if p P´2´2 3`n , 2`2 1`n¯;
(iii) if´1 ă ν ă 0, the weighted Bergman projection P ν extends to a bounded operator P ν :
A comparison between Theorem 1 and the results in [Che17b] is needed. In [Che17b, Theorem 1] the L p mapping properties of the weighted Bergman projection r P ν associated to the weighted Bergman spaces defined with respect to the measure |z 2 | ν dz, ν P R, are completely characterized. In particular, if we restrict to the case ν ą´1, the projections r P ν and P ν share the same L p mapping properties. The extra factor p1´|z 1 {z 2 | 2 q 2 p1´|z 2 | 2 q ν in the measure we use to define the spaces A 2 ν pHq does not influence the mapping properties of the weighted Bergman projection. However, the weighted Bergman spaces studied in [Che17b] are meaningful for any ν P R, whereas our weighted Bergman spaces turn out to be trivial for ν ď´1 (Remark 1.1), hence we introduce the weighted Dirichlet spaces.
We refer the reader to Section 2 for a precise definition of the Hardy space H 2 pHq and for some motivation on why it corresponds to the case ν "´1. Here we only say that H 2 pHq can be described as the space of functions of the form f pz 1 , z 2 q "`8 ÿ
The space H 2 pHq can be identified with a closed subspace H 2 pd b pHqq of L 2 pd b pHqq, the space of square-integrable functions on the distinguished boundary d b pHq of the Hartogs triangle H. The boundary d b pHq coincides with BDˆBD, where D is the unit disc and BD its topological boundary (see, for instance, [Che10, Theorem 1.9]). Clearly, the distinguished boundary d b pHq is strictly contained in the topological boundary. The Szegő projection associated to H 2 pHq is the Hilbert space projection operator S : L 2 pd b pHqq Ñ H 2 pd b pHqq. We obtain the following result.
Theorem 2. The Szegő projection S densely defined on L 2 pd b pHqqXL p pd b pHqq extends to a bounded operator S : L p pd b pHqq Ñ L p pd b pHqq for any p P p1,`8q.
In light of Theorem 1, this result about the Szegő projection is surprising and unexpected. As we will see in detail in Section 2, the space H 2 pHq is, in a suitable sense, the limit space of the weighted Bergman spaces A 2 ν pHq for ν Ñ´1. The space H 2 pHq turns out to be modeled only on the distinguished boundary d b pHq of H and not on the whole topological boundary. Therefore, we loose sight of the origin p0, 0q, which is the most singular, thus pathological, point of the topological boundary of H.
Finally, the Dirichlet space DpHq can be described in short as the space of functions of the form f pz 1 , z 2 q "`8 ÿ
In Section 3 we motivate the definition of this space and we see why it corresponds to the value ν "´2 in our family of spaces. The following theorem provide a motivation of why the space D is a candidate Dirichlet space on H.
Theorem 3. There exists a surjective isometry from DpHq onto DpDˆDq, the Dirichlet space on the bidisc.
The paper is organized as follows. In Section 1 we introduce the weighted Bergman spaces A 2 ν pHq and we prove Theorem 1. In Section 2 we deal with the space H 2 pHq and we prove Theorem 2. In Section 3 we introduce the spaces D ν pHq and DpHq and we prove Theorem 3. We conclude with some final remarks in Section 4.
Given two positive quantities X, Y we write X « Y meaning that there exist two positive constants c, C such that cX ď Y ď CX, whereas we write X À Y if there exists a positive constant C such that X ď CY .
Weighted Bergman spaces
Let D denote the unit disc in the complex plane and let H 2 pDq be the classical Hardy space, that is, the space of holomorphic functions on D such that
Given a function f P H 2 pDq, it is well-known (see, for instance, [Zhu04] ) that
where A 2 ν pDq denotes the weighted Bergman space on D with norm
Given K D pz, wq " p1´zwq´2, the reproducing kernel of A 2 pHq, the classical unweighted Bergman space, notice that the weight in (5) satisfies p1´|z| 2 q ν " K´ν 2 D pz, zq « δ ν pzq, where δpzq is the distance of z P D from the topological boundary BD.
In light of the above, given ν ą´1, we now define A 2 ν pHq as the space of holomorphic functions on H such that
where z " pz 1 , z 2 q, Kpz, wq is the reproducing kernel of the unweighted Bergman space A 2 pHq, dz denotes the Lebesgue measure of C 2 and C ν is a normalization constant to be determined. In Section 2 we will define the Hardy space H 2 pHq as the limit of the A 2 ν pHq as ν Ñ´1 in the sense of (4).
The unweighted Bergman space A 2 pHq corresponds to the case ν " 0 but we drop the subscript in the notation A 2 0 pHq. In this case we set
that is, we fix the constant C ν " C 0 in (6) to be 2{π 2 . With such a normalization, it is easily verified that tz j 1 z k 2 : j ě 0, j`k`1 ě 0u is an orthogonal basis for A 2 pHq and that
We recall the if H denotes a reproducing kernel Hilbert space and tϕ n u n is an orthonormal basis for H, then the reproducing kernel K H is given by the sum K H " ř n ϕ n ϕ n . Therefore, the Bergman kernel of H is given by
In the general case ν ą´1 we set
where the last equality follows from from the identity
whenever Re a, Re b ą´1. Thus, we deduce from (7) and (8) that
for all ν ą´1. In conclusion, the spaces A 2 ν pHq are defined as
) .
(9)
Remark 1.1. If ν ď´1 we have ş H dµ ν pzq "`8 and the space A 2 ν pHq is empty. In fact, }z j 1 z k 2 } A 2 ν "`8 for any non-negative integer j and any integer k. Hence, exploiting the uniform convergence of the Laurent expansion
of any function f P HolpHq, we conclude that f does not belong to any A 2 ν pHq. Hence, A 2 ν pHq " H.
We now recall the following proposition, proved in [Edh16a] , about the diagonal behavior of the kernel K. piq Let δpzq be the distance of z to BH, the topological boundary of H. Then,
as z tends to the origin.
piiq Let p be any point in the distinguished boundary d b pHq. For any number β P p2, 4s there exists a path γ : r1{2, 1s Ñ H such that γp1q " p and for all u P r1{2, 1q,
Proof. We refer the reader to Theorems 3.1.4 and 3.1.5 in [Edh16a] .
We want to prove that the spaces A 2 ν pHq are reproducing kernel Hilbert spaces and study the regularity of the associated weighted Bergman projection. We need the following elementary lemma.
Lemma 1.3. Let ν ą´1. Then, the monomial z j 1 z k 2 belongs to A 2 ν if and only if j ą´1 and j`k`ν 2`2 ą 0.
Proof. From (7), integrating in polar coordinates, we obtain
where the third last equality holds true if and only if j ą´1 and j`k`ν 2`2 ą 0 as we wished to show.
Any function f P HolpHq admits a Laurent expansion of the form
which converges absolutely and uniformly on compact subsets of H. From this fact and the previous lemma we conclude that any function f P A 2 ν pHq is of the form
and }f } 2
Moreover, we have the following proposition.
Proposition 1.4. Let ν ą´1. The following properties hold. piq The spaces A 2 ν pHq are reproducing kernel Hilbert spaces. piiq An orthonormal basis for A 2 ν pHq is given by tz j
piiiq The reproducing kernel K ν of A 2 ν pHq is given by
so that, from (11), we have
Then, for any z " pz 1 , z 2 q P H,
Since pz 1 , z 2 q is a fixed point in H the latter factor in the above estimate is finite, whereas the first factor, up to a multiplicative constant, is the A 2 ν pHq of the function f . Therefore, if c ν,z denotes a positive constant depending on ν and z " pz 1 , z 2 q P H, we obtain
that is, the point-evaluation functionals are bounded on A 2 ν pHq, hence any space A 2 ν pHq is a reproducing kernel Hilbert space. This concludes the proof of piq. The proof of piiq follows at once from Lemma 1.3 and (10). Consequently, we obtain that the reproducing kernel K ν of A 2 ν pHq is given by
as we wished to show. The last equality follows from the identity
which holds for Re λ ą 0 and |z| ă 1. This concludes the proof of piiiq and of the proposition.
We now obtain closed formulas for the kernels; the easiest case is when ν " 2n, n P N 0 . In particular, when n " 0 the kernel K 0 coincides with the kernel of the unweighted space A 2 pHq as expected. In the other cases we obtain a closed formula for the kernels in terms of the Hypergeometric Function. Given α, β and γ, real or complex parameters where γ is not a non-positive integer, the Hypergeometric Function is defined as
where the symbol pαq k denotes
It is easily seen that the radius of convergence of the series (13) is 1. For more information about the Hypergeometric Function and its properties we refer the reader, for instance, to [Leb72] . Then, in the case ν ą 0 and ν ‰ 2n, n P N, for pz, wq " ppz 1 , z 2 q, pw 1 , w 2 qq, the kernel K ν is given by
For ν " 2n, n P N 0 and pz, wq " ppz 1 , z 2 q, pw 1 , w 2 qq, we get
For ν P p´1, 0q and pz, wq " ppz 1 , z 2 q, pw 1 , w 2 qq, we get
Given the weighted Bergman spaces A 2 ν pHq it is a natural question to investigate the L p mapping properties of the associated weighted Bergman projection, that is, the operator
where dµ ν is the measure defined in (7).
The operator P ν is the orthogonal projection of L 2 ν pHq onto A 2 ν pHq, where L 2 ν pHq is the space of square-integrable functions with respect to the measure dµ ν .
We now prove the necessary part of Theorem 1.
Necessary condition of Theorem 1. Let us first assume that ν ą 0 and ν ‰ 2n, n P N and consider the function f pz 1 , z 2 q " z 2`r ν 2 s 2 , which belongs to L p ν pHq for any p P p1,`8q. Exploiting the Laurent series of the kernel (12), we get
for some positive constant c ν . Now,
and this last integral diverges if p ě 4`ν 2`rν{2s " 2`ν´2 rν{2s 2`rν{2s . Therefore, P ν cannot extend to a bounded operator if p ě 2`2´2 rν{2s 2`r ν 2 s . By a standard duality argument, we also obtain that P ν cannot be bounded if 1 ă p ď 2´ν´2 rν{2s 2`ν´rν{2s . Indeed, if 1{p`1{p 1 " 1, since P ν is self-adjoint, we get
Therefore, the L p ν -boundedness of P ν would imply the L p 1 ν -boundedness. In particular, the L p νboundedness with 1 ă p ď 2´ν´2 rν{2s 2`ν´rν{2s would imply the L p 1 ν -boundedness with p 1 ě 2`ν´2 rν{2s 2`rν{2s . This cannot be the case and the proof of piq is concluded.
The proof of piiq and piiiq follows similarly. Let ν " 2n, n P N and let f pz 1 , z 2 q " z n`1 2
. Then, f P L p 2n pHq for any p P p1,`8q and from the Laurent expansion of (14) we get P 2n f pz 1 , z 2 q " c ν z´1´n 2 for some positive constant c ν . This latter function does not belong to L p 2n pHq if p ě 2`2 n`1 . Therefore, P 2n cannot be bounded on L p ν pHq for p ě 2`2 n`1 and, by duality, we obtain that P 2n cannot be bounded on L p 2n pHq for 1 ă p ď 2´2 3`n and piiq is proved. The proof of piiiq follows by testing P ν on the function f pz 1 , z 2 q " z 2 . From the Laurent series of (15) we get P ν f pz 1 , z 2 q " c ν z´1 2 for some positive constant c ν and we conclude that P ν cannot extends to a bounded operator on L p ν pHq unless 2´2`ν 3`ν ă p ă 4`ν. This concludes the proof. The sufficient condition in Theorem 1 will be proved by means of the classical Schur's lemma, which we now recall. For a proof of this result we refer the reader, for instance, to [Gra14b, Appendix A].
Lemma 1.5 (Schur's lemma). Let pX , dµ X q,pY, dµ Y q be two σ-finite measure spaces. Let T the integral operator given by
where K is a measurable positive kernel on XˆY. Let 1 ă p, p 1 ă`8 be such that 1{p`1{p 1 " 1. Suppose there exist positive functions ψ : Y Ñ p0,`8q, ϕ : X Ñ p0,`8q such that
We need also the following lemmas. The first two lemmas are elementary estimates of which we omit the proofs.
Lemma 1.6. Let τ P p0,`8q and let ρ P p0, 1q. Then,
Lemma 1.7. Let γ ą´1, δ P p0,`8q and z P D. Then, ż D p1´|w| 2 q γ |1´zw| 2`γ`δ dw À p1´|z| 2 q´δ. Lemma 1.8. Let ν ą 0, ν ‰ 2n, n P N and let z P D. Then,ˇˇF´3
Let ν P p´1, 0s and z P C, |z| ă 1. Then,ˇˇF´3 2 ν`2, 1; ν 2`1 , z¯ˇˇÀ |1´z|´p ν`2q
Proof. From the power series expansion of the Hypergeometric function, we geťˇˇF´3
Recalling Gautschi's inequality, that is,
for any real x ą 0 and s P p0, 1q, we get
From this estimate, (16) and (17) we deduce the desired estimate for the case ν ą 0, ν ‰ 2n, n P N. This is enough to prove the lemma for the case ν ą 0. Similarly, we prove the estimate for ν P p´1, 0q.
Remark 1.9. From the previous lemma and Proposition 1.4 we deduce that the kernel K ν satisfies the main estimate (1) for any ν ą´1.
We are now ready to prove the sufficient condition in Theorem 1.
Sufficient condition of Theorem 1. We explicitly prove the case ν ą 0, ν ‰ 2n, n P N. The proof in the other cases follows with a similar argument. We want to apply Schur's lemma to the positive kernel |K ν | since the boundedness of the operator with such kernel would imply the boundedness of P ν . We choose f pz 1 , z 2 q " p1´|z 1 {z 2 | 2 q´αp1´|z 2 | 2 q´β|z 2 |´γ as test function, where α, β, γ are positive real parameters to be chosen later. Let pz, wq " ppz 1 , z 2 q, pw 1 , w 2 qq. Then, from Lemma 1.8 and the change of variables pw 1 {w 2 , w 2 q Þ Ñ pz 1 , z 2 q we get ż
Now, we require ν´αp ą´1 and we apply Lemma 1.7 with γ " ν´αp and δ " αp to the first integral obtainingˆż
For the second integral, applying Lemma 1.6 with τ " 1`ν and requiring the conditions ν´βp ą´1 and ν´rν{2s´γp`1 ą´1, we have ż
In conclusion, from (18) we get ż
are satisfied. We obtain the same estimate using the same test function f and p 1 instead of p. Therefore, we can apply Schur's lemma if the conditions (19) are satisfied simultaneously for p and p 1 . This happens if α P p0, pν`1q{pq X p0, pν`1q{p 1 q, β P p0, pν`1q{pq X p0, ν`1{p 1 q, γ P pp2`rν{2sq{p, p2`ν´rν{2sq{pq X pp2`rν{2sq{p 1 , p2`ν´rν{2sq{p 1 q.
The parameters α and β always vary in a non-trivial range, whereas, in order to have a non-trivial range for γ, we need that p P´2´ν´2 rν{2s 2`ν´rν{2s , 2`ν´2 rν{2s 2`rν{2s¯a s we wished to show and this concludes the proof for piq.
The proof for piiq and piiiq follows similarly. In the case piiq we obtain for the parameters α, β and γ the conditions α P p0, p2n`1q{pq X p0, p2n`1q{p 1 q, β P p0, p2n`1q{pq X p0, 2n`1{p 1 q, γ P ppn`1q{p, pn`3{pqq X ppn`1q{p 1 , pn`3{p 1 qq.
from which we deduce p P p2´2 n`3 , 2`2 n`1 q. Finally, for piiiq we obtain the conditions α P p0, pν`1q{pq X p0, pν`1q{p 1 q, β P p0, pν`1q{pq X p0, ν`1{p 1 q, γ P p1{p, pν`3q{pq X p1{p 1 , pν`3q{p 1 q.
from which we deduce p P p2´2`ν 3`ν , 4`νq.
We conclude the section observing that the spaces A 2 ν pHq are isometric to some weighted Bergman spaces on the product domain DˆD˚.
Proposition 1.10. Let Φ : DˆD˚Ñ H be the biholomorphic map pw 1 , w 2 q Þ Ñ pw 1 w 2 , w 2 q and set Φ 1 " Jac C pΦq. Then, the map f Þ Ñ Φ 1¨f˝Φ is a surjective isometry from A 2 ν pHq onto A 2 ν pDˆD˚q where A 2 ν pDˆD˚q denotes the space of functions in HolpDˆD˚q such that
Proof. Given f P HolpHq, the function Φ 1¨f˝Φ P HolpDˆD˚q clearly is in HolpDˆD˚q since Φ 1 pw 1 , w 2 q " w 2 . Moreover, from (9), we get
Thus, the map f Þ Ñ Φ 1¨f˝Φ is an isometry. The surjectivity follows straightforwardly and the inverse map is given by pΦ´1q 1¨g˝Φ´1 .
We point out that for ν P p´2, 0s the functions in A 2 ν pDˆD˚q are actually holomorphic on the bidisc DˆD.
A Hardy space on the Hartogs triangle
In this section we introduce a candidate Hardy space on the Hartogs triangle. If Ω " tz : ρpzq ă 0u is a smoothly bounded domain in C n , the Hardy space H 2 pΩq is defined as
where Ω ε " tz : ρpzq ă´εu and dσ ε is the induced surface measure on bΩ ε , the topological boundary of Ω. Then, H 2 pΩq can be identified with a closed subspace of L 2 pbΩ, dσq, that we denote by H 2 pbΩq. The Szegő projection is the orthogonal projection
S Ω : L 2 pbΩ, dσq Ñ H 2 pbΩq ; see [Ste72] . Such a definition of Hardy space is not suitable for the Hartogs triangle. Having in mind (4), we introduce in this section a Hardy space H 2 pHq as limit of the weighted Bergman spaces A 2 ν pHq as follows. From (15) we get K´1ppz 1 , z 2 q, pw 1 , w 2:" lim ν"´1 K ν ppz 1 , z 2 q, pw 1 , w 2" 1 pz 2 w 2´z1 w 1 qp1´z 2 w 2 q .
Therefore, we want H 2 pHq to be the reproducing kernel Hilbert space associated to the kernel K´1.
For ps, tq P p0, 1qˆp0, 1q we set We now prove that H 2 pHq has the reproducing kernel we desire and that, in some sense, is the limit of the weighted Bergman spaces.
Proposition 2.1. The Hardy space H 2 pHq is a reproducing kernel Hilbert space with reproducing kernel K´1ppz 1 , z 2 q, pw 1 , w 2" 1 pz 2 w 2´z1 w 1 qp1´z 2 w 2 q Proof. We first notice that z j 1 z k 2 P H 2 pHq if and only if j ě 0 and j`k`1 ě 0. In fact,
|s 2j`1 ||t 2pj`k`1q | " 1.
Therefore, tz j 1 z k 2 u pj,kqPI , where I " tpj, kq : j ě 0^j`k`1 ě 0u is an orthonormal basis for H 2 pHq. Hence, any function f P H 2 pHq is of the form f pz 1 , z 2 q "`8 ÿ
and
Therefore, for any z " pz 1 , z 2 q P H, |f pzq| "ˇˇ`8 ÿ
where c z is a positive constant depending on the point z. It follows that point-evaluations are a bounded functionals on H 2 pHq, that is, H 2 pHq is a reproducing kernel Hilbert space and the kernel is given bỳ
pz 1 w 1 q j pz 2 w 2 q k " 1 pz 2 w 2´z1 w 1 qp1´z 2 w 2 q " K´1ppz 1 , z 2 q, pw 1 , w 2as we wished to show.
Proposition 2.2. Let f be in H 2 pHq. Then, f P A 2 ν for all ν ą´1 and }f } 2
Proof. For any ν ą´1 we have
.
Taking the limits on both sides and recalling (8) we obtain that
Viceversa, given ν P p´1, 0q and ε ą 0 there exist δ 1 , δ 2 ą 0 such that
Taking the limit as ν Ñ´1 we get
Since ε is arbitrary and (21) holds, we conclude that }f } 2 H 2 lim νÑ´1 }f } 2 A 2 ν as we wished to show.
Notice that to any function f P H 2 pHq we can associate a boundary value function r f P L 2 pd b pHqq defined as r f pe iθ , e iγ q "`8 ÿ
We say that r f is a boundary value function for f since, if we set f st pe iθ , e iγ q :" f pste iθ , te iγ q, then, lim ps,tqÑp1,1q
|a jk | 2 p1´s j t j`k q 2 " 0 by the dominated convergence theorem. Viceversa, any function g P L 2 pd b pHof the form (22) automatically extends to a function in H 2 pHq. Therefore, we can identify the space H 2 pHq with the closed space H 2 pd b pHqq Ď L 2 pd b pHqq defined as
a jk e ijθ e ikγ : }ta jk u} ℓ 2 ă`8 * .
From now on, we call Hardy space both the spaces H 2 pHq and H 2 ppd b pHand we denote by f both the function in H 2 pHq and its boundary value in H 2 pd b pHqq. This should cause no confusion and it will be clear from the context if we are working inside the domain H or on the distinguished boundary d b pHq. Wherever needed, we will be more specific about notation and terminology.
We want now to consider the Szegő projection associated to our Hardy space, that is, the Hilbert space projection operator S :
a jk e ijθ e ikγ Þ Ñ Sf pe iθ , e iγ q :"`8 ÿ
a jk e ijθ e ikγ .
If suitable interpreted, the Szegő projection admits also the integral representation
f pe iθ , e iγ qK´1ppζ 1 , ζ 2 q, pe iθ , e iγdθdγ
where pζ 1 , ζ 2 q is any point in d b pHq. However, for our purposes it is enough to consider the Fourier series representation of Sf and we no longer discuss its integral representation.
Since d b pHq can be identified with the 2-dimensional torus, from the classical theory of Fourier series on the torus the boundedness of S will follow from the boundedness of the Fourier multiplier operator associated to the multiplier
We recall that a Fourier multiplier operator on the 2-dimensional torus is an operator of the form
where p f pj, kq denotes the pj, kq-Fourier coefficient of the function f and tmpj, kqu pj,kqPZ 2 is a bounded sequence. We now prove Theorem 2.
Proof of Theorem 2. The proof follows from classical results in harmonic analysis. Indeed, let us consider on L 2 pR 2 q the Fourier multiplier operator associated to the multiplier r mpξ, ηq " 1`sgnpξq 2¨1`s gnpξ`η`1q 2 , that is, the operator T f :" F´1p r mFf q, where F and F´1 denote the Fourier transform on R 2 and its inverse respectively. This operator is well-defined on the class of smooth compactly supported functions and extends to a bounded operator T : L p pR 2 q Ñ L p pR 2 q for any p P p1,`8q by standard results on the Hilbert transform. By transference, see [Gra14a] , we obtain that the Fourier multiplier operator associated to r m| Z 2 , that is, the Fourier multiplier operators associated to the multiplier defined in (23), extends to a bounded operator L p pBDˆBDq Ñ L p pBDˆBDq for any p P p1,`8q. Therefore, the Szegő projection extends to a bounded operator S : L p pd b pHqq Ñ L p pd b pHqq for any p P p1,`8q as we wished to show.
We conclude the section observing that there exists a surjective isometry from H 2 pHq and H 2 pDD q, the Hardy space on the bidisc. This latter space can be described as the space of functions f P HolpDˆDq, f pz 1 , z 2 q " ř j,kě0 a jk z j 1 z k 2 such that
Proposition 2.3. Let Φ : DˆD˚Ñ H be the biholomorphic map pw 1 , w 2 q Þ Ñ pw 1 w 2 , w 2 q and set Φ 1 " Jac C pΦq. Then, the map
is a surjective isometry from H 2 pHq onto H 2 pDˆDq.
Proof. Given f P H 2 pHq, from (20) we get Φ 1¨f˝Φ pw 1 , w 2 q "`8 ÿ
where r a jk " a jpk´j´1q . Hence, Φ 1¨f˝Φ P HolpDˆDq and
Therefore, the map f Þ Ñ Φ 1¨f˝Φ is an isometry. The map is clearly surjective and the inverse is given by pΦ´1q 1¨f˝Φ´1 .
Weighted Dirichlet and Dirichlet Spaces
In this section we enlarge our family of function spaces defining some spaces for ν P r´2,´1q. In particular, we will define some spaces D ν , for ν P r´2,´1q, that we will call weighted Dirichlet space and we will define a candidate Dirichlet space D on H that will correspond to the value ν "´2.
Given f P HolpHq so that f pz 1 , z 2 q "`8 ÿ
we associate to f the functions
f 3 pz 1 , z 2 q :"`8 ÿ j"1 ja jp´jq z j 1 z´j´1 2 and define the operators
T 2 f pz 1 , z 2 q :" |z 2 |p1´|z 1 {z 2 | 2 qp1´|z 2 | 2 qf 2 pz 1 , z 2 q;
Then, we prove the following result. An analogous result in the setting of the polydisc was proved in [Zhu88, Theorem B]. Γpj`1qΓpj`k`ν 2`2 q Γpj`ν`2qΓpj`k`3 2 ν`3q |a jk | 2
Then, exploiting the uniform convergence of the Laurent series of f 1 ,
if and only if ν ą´3 and j`k`ν 2`1 ą´1. In particular,
Similarly, for T 2 f we get
if and only if ν ą´3 and k`ν 2`1 ą´1. In particular,
At last,
if and only if ν ą´3 and ν 2`2 ą´1. Hence,
The conclusion follows comparing (10) and (11) with (25),(26) and (27) using the asymptotic expansion of the Gamma function.
From the previous proposition we deduce that we can we can endow A 2 ν with the equivalent norm
Moreover, we can use this norm to define some new spaces for´2 ă ν ă´1, namely, we define the weighted Dirichlet space D ν as
We have the following result.
Theorem 3.2. There exists an inner product ¨,¨ Dν on D ν such that pD ν , }¨} Dν q is a reproducing kernel Hilbert space with kernel
Proof. From (24) and (28) we get that any function f P D ν is of the form f pz 1 , z 2 q "`8 ÿ
Moreover, notice that the formula for the A 2 ν pHq norm in terms of the Laurent series coefficients, that is, formula (11), is meaningful for´2 ă ν ă´1 as well. Therefore, we endow D ν with the inner product f, g Dν :"
pν`1qΓpν`1qΓp 3 2 ν`3q Γp ν 2`2 q`8 ÿ j"0 ÿ ką´j´ν 2´2
Γpj`1qΓpj`k`ν 2`2 q Γpj`ν`2qΓpj`k`3 2 ν`3q a jk b jk where gpz 1 , z 2 q :"`8 ÿ
From the properties of the Gamma function we deduce that the norm induced by this inner product is equivalent to the norm (28). By means of the Cauchy-Schwartz inequality, similarly to the proof of Proposition 1.4, we obtain that D ν is a reproducing kernel Hilbert space and, following (12) and (15), the reproducing kernel K ν is given by K ν ppz 1 , z 2 q, pw 1 , w 2" Γp ν 2`2 q Γp 3 2 ν`3q pz 2 w 2 q´2 p1´z 1 w 1 z 2 w 2 q ν`2 8 ÿ ką´ν 2
Γpk`3 2 ν`1q Γpk`ν 2 q pz 2 w 2 q k " p ν 2`1 q p 3 2 ν`2q pz 2 w 2 q´1 p1´z 1 w 1 z 2 w 2 q ν`2 F´3 2 ν`2, 1; ν 2`1 , z 2 w 2¯.
as we wished to show.
It is clear from the previous theorem and Lemma 1.8 that the kernel of the weighted Dirichlet spaces pD ν , }¨} Dν q satisfies the main estimate (1).
Finally we define our candidate Dirichlet space D, which corresponds to the case ν "´2, as D " f P HolpHq : }f } 7 ă`8 ( where }f } 7 :" |a 00 |`}T 1 f } L 2 2`} T 2 f } L 2 2`} T 3 f } L 2 2 .
We recall that the space L 2 2 pHq is endowed with the norm (3), that is, }f } 2 L 2 2 « ż H |f pz 1 , z 2 q| 2 |z 2 |´2p1´|z 1 {z 2 | 2 q´2p1´|z 2 | 2 q´2 dz, and we observe that the measure p1´|z 1 {z 2 | 2 q´2p1´|z 2 | 2 q´2|z 2 |´2 dz " Kpz, zq dz is invariant for AutpHq. The automorphisms of the Hartogs triangle are completely characterized and are described in the following proposition. We refer the reader to [Lan89, CX01, Kod16b, Kod16a].
as we wished to show. The map f Þ Ñ r f is clearly surjective and the inverse map is given by g Þ Ñ g˝ϕ´1 where g P D.
Concluding Remarks
We think that the family of holomorphic functions spaces we introduced is interesting and worth investigating. The results we prove in this paper are just a first step for this investigation and the techniques we use are classical and not excessively complicated. The major contribution of the paper is the very definition of the family of spaces itself. A few comments are needed.
Our proofs heavily rely on the Hilbert space setting and on the Laurent expansion of the functions involved. If we want to develop our spaces in a L p setting, p ‰ 2, we need a different approach, especially for the definition of the weighted Dirichlet and Dirichlet spaces. Let ν P p´2,´1q and consider the weighted Dirichlet space on the disc D ν pDq, that is, the space of holomorphic functions on D endowed with the norm
Γpj`1qΓpν`2q Γpj`ν`2q |a j | 2 .
Then, D ν pDq is a reproducing kernel Hilbert space with kernel K ν pz, wq " p1´zwq´ν´2. It is easily seen that }f } ν ă`8 if and only if ż D |p1´|z| 2 qRf pzq| 2 p1´|z| 2 q ν dz ă`8,
where R is the radial derivative, that is, Rf pzq " ř`8 j"1 ja j z j . Therefore, we would like to define the spaces D ν pHq in terms of a natural differential operator on H which plays the role of the radial derivative in the unit disc. This approach would be better suited for an investigation in a non-Hilbert setting.
Another point worth of further investigation is the definition of the Hardy space H 2 pHq. As we have seen, our Hardy space arise in a very natural way, However it does not see the pathological geometry of the Hartogs triangle. It would be interesting to define a different, but still natural, Hardy space which keeps track of the origin and compare it with our space.
Finally, it would be interesting to use our approach to define some new function spaces on generalizations of the Hartogs triangle, such as, for instance, the fat or thing Hartogs triangles.
